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1. Introduction 



We consider the equation 

"^tx ~l~ iP ^X C Uy") Uxx ~l~ C Ux Uxy, (l) 

h = const, c = const, found recently by M. Dunajski, [9], as a symmetry reduction of 
Plebaiiski's second heavenly equation, |25]. When c = and b ^ 0, Eq. ([T]) coincides 
with the potential form of the Khokhlov-Zabolotskaya equation, [13], also known as 
dispersionless Kadomtsev-Petviashvili equation (dKP). For 6 = and c 7^ Eq. ([T]) 
becomes the hyperCR equation studied in [2H[8]. The Einstein- Weyl structure associ- 
ated to (dl) is 

= {dy — cuxdty — 4:{dx + {cuy — bux) dt) dt, , . 

= -cuxxdy + {{c^Ux + Ah)uxx -2cUxy) dt. 

A Lax pair 

qt = {{cz - h) Ux + cuy + z^) qx + b {zUxx + Uxy) q 



(3) 

qy = {cux + z) qx + b Uxx qz 

is proposed for Eq. ([1]) in [9]. It contains differentiation with respect to a new indepen- 
dent variable z. The compatibility condition qty = qyt for system ([3]) together with the 
requirement Uz = coincides with Eq. ([T]). The equation Uz = does not follow from 
©. 

When 6 7^ and c 7^ 0, the simple scaling 

t = c^ hr^ i, X = 6"-^ X, y = -c^ y (4) 
gives after dropping tildes the following equation: 

Uyy = Utx ~\~ {Ux + Uy^ Uxx ^x Uxy (5) 

The aim of this paper is to find a covering, [TU |15l [161 [Hjj ioi Eq. ([5]). We apply 
the method proposed in [22] and find a contact integrable extension for the Cartan's 
structure equations of the symmetry pseudo-group of Eq. ([5]). Integrating the extension 
yields a Backlund transformation and a covering equation for ([5]). We use these results 
for constructing multi-valued Einstein- Weyl structures ([2]) likewise in [21] multi-valued 
solutions to dKP were found. 



2. Preliminaries 

2.1. Coverings of PDEs 

Let TToo : J°°(vr) —>■ be the infinite jet bundle of local sections of the bundle 
TT : M" X M M. The coordinates on J°°{tt) are where / = {ii,...,ik) are 

symmetric multi-indices, ii, ...,ik G {1, ■■■,n}, u% = u, and for any local section / of vr 
there exists a section joo(/) : I^" J°°(7r) such that Ui{ioo{f)) = 
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= ^{ii, ...,if:) = k. The total derivatives on J°°{7t) are defined in the local coordintes 



as 



9 ^ d 



dx^ ^ duj 

#/>o 

We have \Di^Dj\ = for i,j G {1, ...,n}. A differential equation F{x\uk) = defines 
a submanifold 6°° = {Di{F) = | #/ > 0} C J°°(7r), where Dj = D-,^ o ... o A, for 
/ = {ii, ...,ik)- We denote restrictions of Di on as Z)j. 

In local coordinates, a covering over is a bundle = £°° x V ^ £°° with fibre 
coordinates v"', 7 G {1, ...,iV} or 7 G N, equipped with extended total derivatives 

such that [Di, Dj] = whenever (x\ m/) G £°°. Action of Di on the fibre variables 
gives 

These equations are called a Bdcklund transformation. Excluding u from them yields a 
system of pdes for v"' . This system is called a covering equation. 

In terms of differential forms, the covering is defined by the forms, [25] . 

cu^ = ciw^-7;'^(a;^M/,w^) dx' 

such that 

c/cj^ = mod cj^,^?/ ^ (x\m/)g£~, (6) 
where t?/ are restrictions of contact forms di = duj — ui kdx'' on 8.°°. 



2.2. Cartan's structure theory of Lie pseudo-groups 

Let M be a manifold of dimension n. A local diffeomorphism on M is a diffeomorphism 
$ : U — s> 11 of two open subsets of M. A pseudo-group on M is a collection of 
local diffeomorphisms of M, which is closed under composition when defined, contains 
an identity and is closed under inverse. A Lie pseudo- group is a pseudo-group whose 
diffeomorphisms are local analytic solutions of an involutive system of partial differential 
equations. 

Elie Cartan's approach to Lie pseudo-groups is based on a possibility to characterize 
transformations from a pseudo-group in terms of a set of invariant differential 1-forms 
called Maurer-Cartan (mc) forms. In a general case MC forms tu^, uj"^ of a Lie 
pseudo-group & on M are defined on a direct product M x G, where /i : M x G — > M is 
a bundle, m = dim M, G is a finite-dimensional Lie group. The forms cu* are semi-basic 
w.r.t. the natural projection M x G ^ M and define a coframe on M, that is, a basis 
of the cotangent bundle of M. They characterize the pseudo-group in the following 
sense: a local diffeomorphism $ : U — > IX on M belongs to whenever there exists a 
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local diffeomorphism : V ^ V on M x G such that /z o v]/ = $ o and the forms uj^ 
are invariant w.r.t. \E', that is, 

^* {u;\) = u'lv. (7) 

Expressions of exterior differentials of the forms a;* in terms of themselves give Cartan's 
structure equations of (S: 

duj' = 4^ vr^ A c.^ + B], 00^ A oo', B], = -Bl^. (8) 

Here and below we assume summation on repeated indices. The forms vr''', 7 G 
{1, ...,dim G}, are linear combinations of MC forms of the Lie group G and the forms 
cu*. The coefficients Al^j and B^i^ are either constants or functions of a set of invariants 
: M R, K e {1, ...,/}, / < dim M, of the pseudo-group 6, so $* (t/^l^) = f/'^lu 
for every $ G 0. In the latter case, differentials of If^ are invariant 1-forms, so they are 
linear combinations of the forms , 

dU'' = C^uj^, (9) 

where the coefficients Cj depend on the invariants U^, only. 
Eqs. dH]) must be compatible in the following sense: we have 

d{du}') = = d {A\j vr^ A + B}f^ A u'') , (10) 

therefore there must exist expressions 

dn^ = Wl^ A + XI vr^ A vr^ + Yj. A uj^ + Z]^ J A (11) 

with some additional 1-forms and the coefficients VF^;- to Zj^ depending on the 
invariants such that the right-hand side of ( ITOl) appear to be identically equal to 
zero after substituting for ([8]), ([9]), and (ITT!) . Also, from ([9]) it follows that the right- 
hand side of the equation 

d[dV'') = ^ = d[C';J) (12) 

must be identically equal to zero after substituting for ([8]) and ([9]). 

The forms vr"^ are not invariant w.r.t. the pseudo-group C5. Respectively, the 
structure equations ([8]) are not changing when replacing vr'^ vr"^ + 2;J lo^ for certain 
parametric coefficients zj. The dimension r^^^ of the linear space of these coefficients 
satisfies the following inequality 

n-l 

r(^) < n dim G-^(n- A;)afc, (13) 

where the reduced characters are defined by 
CTfc = max rank Afe(Mi, Mfc) 

Ul,...,Uk 

with the matrices inductively defined by 

Ai(mi) = {A\j u{) , A/(mi, ...,ui) = 



Al^j u] 
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see in §5], [231 Def. 11.4] for the full discussion. The system of forms u'' is involutive if 
(fT3|) is an equality, [5, §6], p3l, Def. 11.7]. 

Cartan's fundamental theorems, H §§16, 22-24], [7|, [271 §§16, 19, 20, 25,26], [26l 
§§14.1-14.3], state that for a Lie pseudo-group there exists a set of MC forms whose 
structure equations satisfy the compatibility and involutivity conditions; conversely, if 
Eqs. (IH]), ([9]) meet the compatibility conditions ffTOj) . f|T2|) . and the involutivity condition, 
then there exists a collection of 1-forms w^, ... , uj"^ and functions ?7^, ... , t/' which 
satisfy ([H]) and ([9]). Eqs. (j7]) then define local diffeomorphisms from a Lie pseudo-group. 

Example 1. Consider the bundle J^(7r) of jets of the second order of the bundle 
TT : X M ^ M", TT : (x-*^, x", m) i— > (x-*^, x", u). A differential 1-form on J^(7r) 
is called a contact form if it is annihilated by all 2-jets of local sections / of the bundle 
^- j2{f)*'& = 0. In the local coordinates every contact 1-form is a linear combination of 
the forms = du — Uidx\ = dui — Uij dx^ , i,j G {1, ■..,n}, uji = Uij. A local dif- 
feomorphism A : J^(7r) J'^{ti^), A : {x\u,Ui,Uij) t— > {x\u,Ui,Uij), is called a contact 
transformation if for every contact 1-form d the form A*-^ is also contact. We denote 
by Cont(J^(7r)) the pseudo-group of contact transformations on J^(vr). Consider the 
following 1-forms 

Oo = a e^ = g^eo + a = Go + f'^ Qk + bl dx\ 

Qij = a 5f B^. {duki - Ukim dx"") + Sij Qq + wf^. 6^, (14) 
defined on J'^{it) x CK, where IK is an open subset of ]R(2n+i){ri+3)(n+i)/3 ^j^j^ local 
coordinates (a, b^, c\ f^^, gi, Sij, wfj, Uijk), i,j,k,E {l,...,n}, such that a 7^ 0, 
det(6*fc) 7^ 0, = f^\ Sij = Sji, w^j = w^i, Uijk = Uikj = Ujik, while (Bl) is the 
inverse matrix for the matrix (6^). As it is shown in [20], the forms ( fMl) are MC forms 
for Cont( J^(7r)), that is, a local diffeomorphism A : J'^{tt) x "K J'^{tt) x 3-C satisfies 
the conditions A* 60 = 60, A* = 6j, A* = E\ and A* 6^ = if and only if it is 
projectable on J^(vr), and its projection A : J^(7r) J'^i'^) is a contact transformation. 
The structure equations for Cont( 7^(7?)) have the form 

dQo = $0 A Go + A e„ 
dQi = $0 A 00 + $ ,f A Gfc, 

dE' = $° A - $t A + A Oo + A 9^, 

c/Gi, = ^1 A Gfe, + A Gfc, - $° A + T°. A 60 + T(;. A 0fe + A 6,,^, 

where the additional forms $[], \1'*°, \E''-' , T°-, Tf^-, and 6ijfc depend on differentials 

of the coordinates of !K. 

Example 2. Suppose £ is a second-order differential equation in one dependent and 
n independent variables. We consider £ as a submanifold in J'^{tt)- Let Cont(£) be 
the group of contact symmetries for £. It consists of all the contact transformations 
on J^(7r) mapping £ to itself. Let to : 8. ^ J^i'^) be an embedding, and l = lq x id : 
£ X J{ J^(^) X The MC forms of Cont(£) can be computed from the forms 
6*0 = '■*6o, (^i = C = t.*'E:\ and 9ij = L*Qij algorithmically by means of Cartan's 
method of equivalence, [1 El El [3 [IDl [El [23] , see details and examples in [TTl [T9l[2n] . 
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3. Cartan's structure of the symmetry pseudo-group for the dKP-hyperCR 
interpolating equation 

We use the method outlined in the previous section to compute MC forms and structure 
equations of the pseudo-group of contact symmetries for Eq. ([5]). We write out here 
the structure equations for the forms 6^0, 9j, with j G {1, 2, 3} only; the full set of the 
structure equations is given in Appendix. 
We have 

d9o = r/i A ^0 + 6 A 01 + 6 A ^2 + 6 A ^1 + 6 A ^3, 

de, = lvi^0i + lV2A {00 + 863) + ^^ (24 {022 - - 6) - 5^3) A + 2^^2 A 

+ 1(1192 - 16V 022 + 8 023 + 4:{2V -1)^2 + {8V -3U) 6) A + 6 A 9^ 
+ 6 A 012 + 6 A 013, 

d92 = ^ (8 (r/i + 022 - - 6) - 3^3) A 02 + ^1 A 012 + 6 A 022 + 6 A 023, 

C?03 = r/2A02+ (r^i + 022 - f/^l -6-1^3) A03 + ^ (8 022 -^2 + 3^3) A 00 +6 A 013 
+ 6 A 023 + ^3 A 012, 

d^i= (8r7i + 24 (022 + 6)-56) A6, 

d^2 = l (50o + 8V02 + 803 - 4f/6) Aei + 1^ (8(r/i- 022) + 3 e3) A6-r72Ae3, 
= - (2 r/2 + 02 + f/ ^3) A ^1 - (022 - 6) A 6, 

where the invariants 

U ((^x ~l~ Uy) U^^^ + [Utxx Ux Uxxy ~l~ Uxx i,Uxy ~l~ 4 Uxx) Uxxx Uxxy '^xx Uxxy) , 

V — Uxxx U^^ 

satisfy 

dU = \Ur]^ + r]2 + m-l9^-{V + \) 92-9^-{AV -\U) 022 - 023 

+ [AV -U + \) i2 - {V -f,U) i,, (15) 
dV = \V {7^^ + 022 + (6 y - f/) ^1 - 6) - ^ ^ ^3, (16) 
and where 

00 = ui^^ [du — Ufdt — Ux dx — Uy dy), 
92 = - V (ydux - Utx dt - Uxx dx - Uxy dy) , 

03 = '^^ Uxxy U~^ dUx -V"^ dUy + V {y Uty - Utx Uxxy U~^) dt + V {V Uxy - Uxxy U~^) dx 

+ V {V {Utx + {Ux + Uy) Uxx - Ux Uxy) - Uxy Uxxy U^^) dy - \ 0o, 
022 = - U~l {dUxx - Utxx dt - Uxxx dx - Uxxy dy) , 

6 =UxxV~'dt, (17) 
^2 Uxx (Uxxx dx + Uxxy dy (^Uxxx {,Ux ~l~ Uy) Uxxy Ux U^^y U^^^) dt) , 
6 = Uxx {Ux + 2 Uxxy U~l^) dt + Uxx dy , 

^1=2 U'^^ dUxxx + {lOV -3U + A{V Uxy U^l - Uxxy Uxx)) ^1 + I 6 + 3 (022 - 6), 
m = - U'x dUxxy - {V^ {Ux + Uy + {Utx " Uxy {Ux - 1)) U~^) 
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- [V {U^y Uccx + 2) - 




(3 U^xy Uj - 1) 6 

^^6^22 + lUxxyUxxVl- 



4. Integrable extensions 

In [3l §6], the definition of integrable extension of an exterior differential system is 
designed to study finite-dimensional coverings. In general case, coverings of pdes with 
three or more independent variables are infinite-dimensional, [18]. To cope with infinite- 
dimensional coverings we use a natural generalization of the definition, |22j . 

Suppose is a Lie pseudo-group on a manifold M and uj^, ... , u"^ are its MC forms 
with structure equations (E]), (E]). Consider a system of equations 



with unknown 1-forms t'^, q G {!,... rj'^, p G {1,...,-R}, and unknown functions 
e e {l,...,S} for some Q,R,S E N. The coefficients D?^, K'^ in ([18]), are 
supposed to be functions of and V^. 

Definition 1. System f[T8|) . f[T9|) is an integrable extension of system ([8]), (Q, if Eqs. 
f[T8|) . f[T9|) . ([8|), and ([9]) together satisfy the compatibility and involutivity conditions. 

In this case from Cartan's third fundamental theorem for Lie pseudo-groups it 
follows that there exists a set of forms and functions which are solutions to Eqs. 
f[T8|) and f[T9|) . Then t"^, together with cj*, define a Lie pseudo-group on a manifold 

N = M^W. 

Definition 2. The integrable extension is called trivial, if there is a change of variables 
on such that in the new variables the coefficients F^^^, Gfj, H^j, Ijf^, and J| are equal 
to zero, while the coefficients D'^^, E!^^, and are independent of If^. Otherwise, the 
integrable extension is called non-trivial. 

Let 6] and be a set of MC forms of the symmetry pseudo-group Cont(£) of a pde 
£ such that A ... A 7^ on any solution manifold of £, while 6] are contact forms. 
We take the following reformulation of the definition ([6]) of a covering. 

Definition 3. A non-trivial integrable extension of the form 



is called a contact integrable extension (cie) of the structure equations of Cont(£) if 
(1) are some non-trivial differential 1-forms, 



Since ( 120|) is integrable extension, Cartan's theorem yields existence of the forms 
u'^ satisfying (l20l) . From [21 Ch. IV, Prop. 5.10] it follows that the forms u'^ define a 
system of pdes. This system is a covering for £. 



dr'^ = D%. r^" At' + E^^ A + F^^ r*^ A vr^ + G^^ A + R^. vr^ A 



(18) 
(19) 



duj'i = n« A + e^' A OF- 



(20) 



(2) Jl^ = mod 0],ujj for some additional 1-forms uj, 

(3) ^ mod u]. 
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We apply this construction to the structure equations (fT5]) . and (fTBi) of the 

symmetry pseudo-group of Eq. ([5]). We restrict our analysis to ClEs of the form 

( 3 7 3 \ 

1=0 s=l j=l J 

+ Y.[Y1 + ^3 ^1 ) ^ (21) 

where ^ * means summation for all i, j G N such that 1 < « < j < 3, (i, j) 7^ (3, 3), and 
consider two types of these CIEs: 

TYPE 1 — the coefficients Ai to Gj in (I2T1) depend on the invariants U , V of the 
symmetry pseudo-group of Eq. (j5]) only; 

TYPE 2 — the coefficients Ai to depend also on one additional invariant, say W . 
In this case, the differential of this new invariant satisfies the following equation 

3 7 3 1 

dw = Y,Hie, + Y^ % + 5^ j« + 5^ K, e + 5^ 00,, (22) 

i=0 s=l j=l q=0 

where the coefficients Hi to Lg are functions of U, V, W. 

The requirements of Defintions 1 and 3 yield over-determined systems for the 
coefficients Ai to Gj of the CIE of the first type and Ai to Lq of the CIE of the second 
type. The results of analysis of these systems are summarized in the following theorem. 

Theorem 1. There is no a CIE of the first type for the structure equations ^3^, l[T5\) . 
and fTS\) . Every their CIE of the second type is contact- equivalent to the following one: 

duo = (i iVi - 022) -uj^-l{W' + 2{V-W)~U)^,~^^{8W~ 11) ^3) A 

+ {W^Ui + leo + We2 + 63) A^i + uJiA^2 + {Wui + 62) A ^3, (23) 

dW = Vu;i + lWr]i + r]2 + 022 + 02 + lW{V{W + 4)- U) 6 

+ i_^V-W-l)^2 + ^,{W{4V-5) + 8V)^s. (24) 

Since the forms (1171) are known, it is easy to find the form Uq explicitly: 
Theorem 2. We have the following solution to Eq. up to a contact equivalence: 
t^o = u^xx u~l [dv - (In^ \v,J\ - Uy - (In \vj^ + 1) + l) dt 

-Vxdx - i\r].\v^\- u^) dy) . (25) 

This form defines the following Backlund transformation or a Lax pair: 

Vt = V:^ {\n^\vx\-Uy- {ln\vx\ + l)ux + l) , 
Vy = Vx (In \vx\ - Ux) . 

It is easy to verify directly that Eqs. ( !26|) are compatible whenever Eq. ([5]) is satisfied. 
From Eqs. fl2Bl) it follows that 

Ux = \n\v^\-VyV~\ 

Uy = {vy{\n\vx\ + l) -Vt) v;^'^ -\n\v^\ + l, 



(26) 
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Cross-differentiating u in tliis system yields tlie covering equation: 

vtx + {{vy In If^-I - vt) + l) v^^ + {vyv;;:^ - in |f^|) v^y. (28) 



'^yy 



5. Multi-valued Einstein- Weyl Structures 

We use the results of the previous section to construct a family of Einstein-Weyl 
structures ([2]) depending on two arbitrary functions of one variable. We take the ansatz, 
[D Ch. VIII, § 5.IV], [21], 

Vt = F{v,), Vy = G{v,). (29) 

This system is compatible for every (smooth) functions F and G. Substituting for fl29l) 
into fl28|) and denoting 

Vx = s (30) 

yields 

{G'{s)f = F'{s) + {G{s) In \s\ - F{s)) s'^ + 1 + {G{s) s'' - In G'{s). 

We consider this as an ode for the unknown fucntion F and the functional parameter 
G being an arbitrary smooth function. Then we have 

F{s) = s j s'^ (^{G'{s)f + \n\s\ (G"(s) - s"^ G{s)) - s'^ G{s) G'{s) - l) ds. (31) 

From fl29l) and fl30|) it follows that the function s satisfies the compatible system of pdes 
St = F'{s)s„ Sy = G'{s)s,. (32) 

The general solution of this system in the implicit form reads 

s = Q{x + tF'{s)+yG\s)), (33) 

where Q is an arbitrary (smooth) function of one variable. For t = and y = we have 
s = Q{x), so Q is an initial value for Eqs. (J32l) . In general, Eq. (J33l) defines s as a 
multi-valued function of t, x, and y. 

Then Eqs. (EZD, ([29]), and ([30]) give 

Ux = In |s| — s^^ G{s), 



u. 



y 



(s^i G{s) - 1) In |s| - F{s) + 1, 



(34) 



where the function F is defined by Eq. ([3B . and the function s is defined by ( 1331) . 
Eqs. f lMl) together with the scaling ([4]) provide a family of Einstein-Weyl structures ([2]) 
depending on two arbitrary functions of one variable. 

Figures 1 to 4 show graphs of and Mj, at t = — 10 and t = 10 for the choice of 
G{s) = -3 s, Q{x) = x2 + 1, and F{s) = (5 - In |s|) s. 
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Figure 2. The graph of Uy a.t t = 



-10. 
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Figure 3. The graph of Ux a.t t = 10. 




Figure 4. The graph of Uy a.t t = 10. 
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Appendix 

The structure equations of the symmetry pseudo-group for the dKP-hyperCR interpo- 
lating equation read 

dOo = 771 A ^0 + 6 A ^1 + 6 A ^2 + 6 A ^1 + 6 A ^3, 

de^ = 1 A ^1 + i772 A (^^0 + 8^3) + 1^ (24 {022 - f/6 - 6) - 5^3) A + 2^2 A 63 
+ 1(11 ^2 - 16 ^22 + 8 ^23 + 4 (2 V - 1) 6 + (8 - 3 [/) Cs) A ^0 + 6 A 
+ 6 A ^12 + 6 A ^13, 
de^ = ^ (8 ir]i + ^22 - f/6 - 6) - 36) A ^2 + 6 A 612 + 6 A ^22 + 6 A ^^23, 
d93 =r]2A92+ {m + 022 - Uii - ^2 - 1^3) A ^3 + i (8^22 - 6 + 3^3) A ^0 + 6 A ^13 

+ 6 A ^23+^3 A ^12, 

d^i = (877i + 24(^^22 + 6)-5e3) ACi, 

d^2 =1 (5^o + 8\/^2 + 8^3-4?76)Aei + ^ (8(771-^ + 3^3) A6-r72Ae3, 
= - (27/2 + ^2 + U^s) A 6 - {O22 - 6) A 6, 

d9n = 1 772 A ^1 + ((2 y - i t/) 772 + 2 1^773 - 7/4) A ^0 + ^75 A 6 + % A ^3 + 777 A 6 
+ {{U-2V^ + §V) 92 + {l-2V)93 + l9i2-2V{U + 3V) ^22 
+ 1{6U -V) 923 + l{U{24V -7) + V (48 ^ - 1)) 6 
+^ (44 - 15 + 28 [/ V) Cs) A9o + {292 -nV ^22 + ^23 
+1 (22 y - 1) ^2 + 1 (4 y + U) 6) A ^1 + (y ^12 - 3 ^13) A 92 
+ {lV92 + 9i2-2V923 + {U-2V)C2-2V{U + V)C3) A93 
+ (2771 + 3^22 - 36 - 1^3) A ^11 + 2 [76 A ^12 + (4772 + I C/^) A ^13, 

d9i2 = (i 772 - 2 y ^22 - ^23 + 3 y 6 + I 6) A ^2 + 773 A 6 + ?74 A 6 + % A 6 
+ (7/1 + 2 ^22 - 2 6 - I 6) A ^12 - (I ^0 - ^3 + C/ 6) A ^22 

+ (2 772 + 1 ^76) A ^23, 

d9i3 = ii (6 772 - 8 (773 -^3-t^^22-^23) + (8\^-7)^2-6f/(26 + 6)) A^o + r74A6 
+ ^5 A 6 + ^6 A 6 + (1(8 (^22 - 6) + 3 6) A ^^1 + (3 772 + 2 ^^2 + 2 f/ 6) A ^12 

- (|^3 + i(2\/-[/)6 + l^(^7 + \/)e3) A^2- (^^3-if/6) A^23 

+ I (2 772 - 4 y (^22 - 6) + U^s) A9s + ^ (24771 + 40 (^22 - 6) - 9^) A ^13, 
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de22 = 773 A + ]^ (8 {V2 - O22) + 36) A 6 - ?72 A ^3, 

rf^23 = i 771 A ^23 + ?72 A {622 - 6) + ?74 A 6 + ^ (8 {622 - 6) + (64y - 1) ^3) A 62 
+ I (8 (773 - ^3) - 5 ^0 + 12 [/ 6) A 6 + I ^22 A (3 (4 ^23 - 6) - 8 C/ 6) 
+ ^^23 A (246 -76), 

d77i = - | (2772 + 6^2-16(y^22 + ^23)+4(2y-l)6 + (8y-3C/)6) A6 

-1(^22 -6) A 6, 

c^r72 =1^ (8(r/i + ^22-f/6-6) + 36) Ary2 + ^^^oA6-|^2A(3y6-6) 

+ |^^3ACi + (^^i2 + V^^^23 + ^(^ + f/)6) A6 + I (^22 + (^7- 2 1^)6) A 6 
+ (2\^^22 + ^23-i(8V^ + l)6) A^a, 

dv^ = i^^i A (8 (^3 + ve2 + e,) + he, -2U^2) - e,2 a ((\/ + 1) 6 + 6) - ^13 a 6 

+ i^2A(2^^2 + 2(t/-2\/)a-6 + f/6)+r74A6-i^^i ACi 
+ 3^ (24^22 + 8 (3 f/ - 8 \/) 6 -166 -56) A 773 + ;^ (19t/-8V) 6A6 
+ Ti8^oA(8^^22 + 16(f/-4\/-l)6-116)-| (f/=^-2t/\/-8l^2^6A6 
+ ^ ^^2 A (8 V ^22 + 2 ((16 + 9) f/ - (56 F + 9) l^) 6 - 9 6 + 3 6) 

+ 1^^3 A(8^22 + 16(2f/-4l^-l)6-116) 
+ ^22 ^{V{U- 12 V)ir + {\U + V) 6) 

+ i^23A(([/-2\/)6-6-2\/6) + i {{U-2V){U-l)-2AV^) 6a6, 
dr]i = 7^8 A 6 + ^ (60 ^0 + (96 - 1) 62 + 96 ^3 + 48 C/ ^22 - 24 ^23 - 96 [/ 6 

+32 (2 y - [/) 6) A 7^2 + 1 (24772 + 7^2 - 12 ^23 + 36 + 4 (7C/ - 8F) 6) A 773 

+ (?7i + 3 (^22 - 6) - i 6) A 774 + ^ (17 [/ ^22 + (24 y - 1) - 6 (y + 4 U) 6) A ^2 

(7(^2 -^22) + 12^23 + 4(6- (7C/- 8^-2)6)) A ^0 
+ I ^3 A (7 {62 + ^22) - 12^23 - 46 - 8 (7C/ - 8y - 2) 6) 

- ^ (72 (^22 + 6) + 73 6) A ^12 + lis {U (448 V + 143) - 16 F (32 V'' + 9)) ^2 A 6 
+ (V - fl ^) 6 - - 13 V^) 6) A ^22 + I (2 (3 [/ + 1) 6 + (C/ + 4 V) 6) A ^23 

+ |(4y (13^2 - 1) - c/(ii [/ - 8y - 2)) 6 A 6, 

^775 =1^ A775 + r72 A(4774 + |^i2-2C/^23 + (C/-2F)6) + (2 ^2 - 6 + f f/6) A 774 
+ (56 (^22 - 6) - 136) A 7^5 + r^s A 6 + ^79 A 6 + I ^1 A (^22 - 6) 
+ ^ (16773 - (24^ + 1) 62 + 16^12 - 8[/(^22 + ^^23 + (f/ - 4y + 1) 6)) A ^0 
+ ^ ^2 A (16 \/ 7/3 - 2 (24 \/ + 1) ^3 - 8 (4 \/ + 1) ^12 - 48 (t/ - 2 \/) ^22 
-(?7 + y) ^23 + 2 (2 f/ (2 \/ + 5) + \/ (16 \/ - 11)) 6 + (f/' - 4 f/ - 4 V") 6) 

+ (2 (773 + 0^2) - ^^23 + (4 - 2 f/ + 1) 6) A ^^3 + ^^13 A (^^22 - 6) 

+ I (16 (773 + 2 y ^22 - ^23) + (4 f/ - 16 y + 13) 6 - 4 (4 K - 3 f/) 6) A ^12 
+ {\U^ + UV -12V^) ^22^i2 + \ {'i{2V -U)i2+{^V{U + V)-ZU^) 6) A ^2 
-\ {2{?.U-AV)r^^+{^V^ + 2UV-U^) 6) A 6, 
(ir^g = 1 ^2 A (320 775 + (80 1^-85 t/) ^0 - 60^i + 128 ([/ + 1/) ^2 + 24 t/^a - 160 1/^12) 
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+ {eves -I On) A ?73 + ?74 A (y ^2 + 2 (^3 - - 3% A {02 + C/Ca) 

+ (2 771 + 4^22-4^2 - ICa) A 776 + 778 A6 + ?79 A6 + mo A^i 
+ ^ {8{V4 + {5U -4V)r]3) + lO0i-2ei2-4{5U + AV -2)0s + 2{7V -SU)e: 
-(96V^ + 7U -lOU^ + 8UV -UV) A ^2 + 2 (17^^ - 5 C/^ + 7C/y) ^a) A 
+ ^ (32 (% - ^a) + 8 (C/^22 - ^2a + - 9 C/^a) A 
+ ^ {{U (400 y + 310) - V (640 F + 295)) + 40 (8 F + 5) ^i) A 62 
+ ^ ((14 [/ + 192 y2 + 23 y) ^2 - 52 612 + 288 F (2 F - [/) ^22 + 8 (3 F - 2 [/) ^23 
+4 (3C/(16y- 1) -61/ (24y + l))6 + 24y(y + C/)^3) A^3 
- ^ (8 (^22 + 6) - 3 6) A + ^12 A ( (f/ + I \/) - 3 \/ ^23 + 2 (f/ - 2 V) 6 
+2 _ 2 y2 _ 2 f/ + ^ ^^13 A (25 + 40 (^^3 + ^^23) + (40 \/ + 23) 62 

-144 V ^22 + 4 (36 \/ - 5 f/ - 3) 6 + 12 (2 y - [/) ^3) + I (f/ - 12 V) 6^ A ^22 
+ I f/ (2 \/ ^2 - f/ 6) A ^^23 + I ^^2 A ((f/ - 6 \/) 6 - (5 f/ + 12 V) 6) , 
dm =3772A (2r76-i^^ii-M -^3A(13V^^i-3^^n) + 2r74A(^^i-\/^3) 
+ ir^s A (IQ^^o + 16 {¥62 + ^^3) - 20f/6) - ^6 A (8^^2 + Tf/^) 
+ ^ (40r7i + 72 (^22 - 6) - 1560 A 777 - ?78 A ^0 + r/g A 6 + ^10 A ^3 + ^11 A 
+ 3^ (4 (13 [7=^ - 248 + 4 V) 772 - 256 \/ (f/ + 1^) r/3 + 8 (6 f/ + 7 1/) 774 
-5 (52 V + 1)91 + (128 + (4 fj _ 345) + 55 f/^ + 45 f/ K) ^2 
+8 (16 y (t/ + F) - 3 [/) ^3 + 60 ^11 - (88 [/ + 59 V) 612 - 72 ^13 

-32V{u'^ -2UV - 12 ^22 + 12 y ([/ + 2 y) ^23 

-2 (192 + [/2 _ 11) + 8 [/ y + 4 ([/ _ 3) 

-2(92C/T/2 - 15C/^ + 6C/V + 360y^)C3) A^o + C/^^12 AC2 

+ (16 (3 [/ - 4 y) ?72 + 4 (52 y - 3) ^3 - 36 - 16 F (20 C/ - 39 V) 622 

+28ye23 + 2(3C/(36y- 1) -2y(156y-7))5 

+ (l7(C/^-4y^) + 12C/y) 6) A^i 

+ ^ ((117^-416^^ -88C/)^i + 4(24y + 23)^ii -32y(C/ + 3y)^i2 
+8(4C/ + 91/)^i3) A^2 + i (161/(C/ + l/)r72 + 9y(2C/-y)^2 + 12^ii 
-(AU + 3V) ei2-^0i3-12V(U -2V) 623 + 2 (U^ + AUV + 12V'^) ^2 
-4V{U'' -4UV -12V^)^s) AOs + l (40 F ^22 - 8 ^23 + 4 (C/ - 10 F + 1) 6 
+ (9 - 8 V^) ^3) A + (6 \/ ^23 - 3 ([/ - 2 V^) 6 
+ (6y(^7 + V)-|^72) 6) A^i3. 
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